Introduction
The patch test was originated by the memorable Bruce Irons and coworkers (Irons, 1966; Bazeley et al., 1966; Irons and Razzaque, 1972) . The concept is so important that it can be easily found in many textbooks in finite elements, either classical (Hughes, 1987; Cook et al., 2002; Bathe, 1995) or more recent (Belytschko et al., 2000; Zienkiewicz and Taylor, 2000) ones, and it is needed to ensure reliability of the finite element method (FEM) (Babuška and Strouboulis, 2001) . The original patch test provided a necessary consistency condition and thus turned out to be very useful for assessing convergence of finite elements analysis, including nonconforming elements Taylor et al., 1976; Taylor et al., 1986 ). An early mathematical treatment was given by Strang (1972) , and Strang and Fix (1973) . For an element which appears to be convergent but fails the Iron's patch test, the weak patch test is an alternative test, as suggested by Taylor et al. (1986) . In addition, Belytschko and Lasry (1988) have studied the behavior of a distorted element with a fractal patch test, which is also valid in the weak patch test sense. The patch test has been applied to many problem-types including, for example, mixed displacement-pressure finite element formulations Zienkiewicz et al., 1986; Razzaque, 1986; Wu and Chen, 1997; Zienkiewicz and Taylor, 1997) , three-dimensional (3-D) solid elements (Loikkanen and Irons, 1984) , plate bending elements (Samuelsson et al., 1987; Zienkiewicz and Lefebvre, 1988; Zhifei, 1993; Zienkiewicz et al., 1993; Auricchio and Taylor, 1993; Aricchio and Taylor, 1994; Martins and Sabino, 1997; Park and Choi, 1997) , and shell elements (Herrmann, 1989) . The patch test has also been used as a fundamental tool to create new elements or to improve existing ones (Ju and Sin, 1996; Cheung et al., 2002; Piltner and Taylor, 2000) . 1 The patch test has become a widely used procedure, which can be numerically performed, in order to check the validity of a finite element formulation and coding. It is the necessary and sufficient condition for finite element analysis convergence (Zienkiewicz and Taylor, 2000) . For sufficiency, at least one internal element boundary is required to verify that consistency of a patch solution is maintained between elements. To ensure convergence, both consistency and stability conditions must be verified. The consistency requirement ensures that as the size of the elements h tends to zero, the finite element approximation represents the exact solution. The stability condition is a requirement that an element admits no zero-energy mode deformation states when adequately supported against rigid-body motion, which means that the element stiffness matrix ( e ) must be non-singular. Stability is usually checked by ensuring that the stiffness matrix is of appropriate rank, and thus doesn't allow for appearance of spurious mechanisms.
Modeling of functionally graded materials (FGMs) by the FEM can be accomplished by using either graded or homogeneous elements Kim and Paulino 2002a) , as illustrated by Fig. 1 . Part (a) of this figure shows an example of an exponentially graded material and part (b) illustrates an L-shaped domain made of this material. The graded element (see Fig. 1(c) ) incorporates the material property gradient at the size scale of the element, while the homogeneous element (see Fig. 1(d) ) produces a step-wise constant approximation to a continuous material property field. The patch test has been used to verify convergence of conventional homogeneous elements ( Fig. 1(d) ). In order to assess convergence of the graded elements, they must be patch-tested in the context of the "weak patch test". Various finite element investigations of graded materials have been conducted using either commercially available (e.g. ABAQUS, ANSYS) or research-oriented codes. A sampling (which is, by no means, exhaustive) of published papers include a broad range of applications such as elasticity Kim and Paulino 2002a) ; linear elastic fracture mechanics (Eischen, 1987; Gu et al., 1999; Anlas et al., 2000; Kim and Paulino, 2002b , 2003 Paulino and Kim, 2004) ; nonlinear fracture mechanics ABCM (Carpenter et al., 1999; Kim et al., 1997) ; cohesive zone elements for fracture of FGMs (Jin et al., 2002; Zhang and Paulino, 2005) ; notch effect on FGM specimens (Lin and Miyamoto, 2000) ; tribology (Stephens et al., 2000; Jitcharoen et al., 1998) ; thermal stresses (Giannakopoulos et al., 1995; Cho and Oden, 2000; Cho and Ha, 2001; Noda, 1999) ; residual stresses (Lee and Erdogan, 1995; Williamson et al., 1993; Becker et al., 2000; Khor and Gu, 2000) ; various aspects of micromechanical modeling (Grujicic and Zhang, 1998; Dao et al., 1997; Shen, 1998) ; numerical homogenization (Schmauder and Weber, 2001; Le le et al., 1999) ; sensitivity analysis and optimization (Tanaka et al., 1996) ; evaluation of the so called "higher order theory" (Pindera and Dunn, 1997) ; and functionally graded piezoelectric actuators (Almajid et al., 2001; Carbonari et al, 2006a Carbonari et al, , 2006b .
In particular, the use of graded finite elements is of direct relevance to this work. Such elements were used by Santare and Lambros (2000) to model the behavior of nonhomogeneous elastic materials, and by Lee and Erdogan (1995) to investigate residual/thermal stresses in FGMs and thermal barrier coatings. Both authors Lee and Erdogan, 1995) used the Gauss point sampling of material properties. Graded elements were also used by Kim and Paulino (2003 and Paulino and Kim (2004) to investigate fracture mechanics of FGMs and to model nonhomogeneous isotropic and orthotropic materials, however, they have employed a generalized isoparametric formulation (Kim and Paulino, 2002a) .
The goal of the remainder of this paper is to develop a comprehensive presentation of the weak patch test for nonhomogeneous materials modeled with graded finite elements, and assess convergence rate of graded elements. This paper is organized as follows. First, we provide some exact solutions for nonhomogeneous elasticity that will be used as reference solutions for numerical examples. Then we present the graded element formulations, and various examples on the weak patch test, and also assess convergence rate. Finally we address stability considerations for graded finite elements followed by conclusions of the present investigation.
Exact Solutions for Nonhomogeneous Elasticity: Reference Solutions
This section revisits a few closed-form solutions for nonhomogeneous elasticity problems. Two classes of problems are considered: plane and axisymmetric. In the first class, we consider an infinitely long plate, graded along its finite width, under symmetric loading conditions (fixed grip, tension, and bending) and also a simple shear problem. In the second class, we consider an axisymmetric problem, graded along the radial direction, under axisymmetric loading conditions. These closed-form solutions will be used as reference solutions for the weak patch test.
Plane Problems
Erdogan and Wu (1997) derived exact solutions for stresses to plane elasticity problems involving functionally graded plates of infinite length and finite width under symmetric loading conditions such as fixed grip, tension, and bending away from the center region of the specimen (see Fig. 2 ). Kim and Paulino (2002a) extended the work to orthotropic FGMs, and provided exact solutions for displacements. Let's consider the graded plate illustrated by Fig. 2 , and let's assume the Poisson's ratio as constant. The shear modulus is given by 
where 1/ is the length scale of the nonhomogeneity, which is characterized by
with E=E(x) where E 1 = E(x=0) and E 2 = E(x=W).
Fixed Grip Loading
For fixed grip loading ( 
Notice that the displacement fields are linear and thus strains are constant; however, stresses vary exponentially.
For tension (Fig. 2(c) ) and bending ( Fig. 2(d) The displacements are given by:
where C 1 and C 2 are constants which can be determined by applying the axisymmetric boundary conditions -see the paper by Horgan and Chan (1999) .
Graded Finite Element Formulation
Displacements for an isoparametric finite element can be written as 
where N i are shape functions, u i e is the nodal displacements corresponding to node i of element e, and m is the number of nodes in an element. For example, for a Q4 element, the standard shape functions are
where ( 
where B e is the strain-displacement matrix of shape function derivatives. The strain-stress relations are given by 
where D e (x) is the constitutive matrix, which is a function of spatial position, i.e.
, . 
The principle of virtual work yields the following finite element stiffness equations (Hughes, 1987) 
where f e is the load vector, k e is the element stiffness matrix, and e is the domain of element (e). For the graded element, the D e (x) matrix varies spatially within the element. The polynomial order of the matrix will influence the number of Gauss integration points required for the reduced and full integrations. This behavior is investigated in the numerical examples section using two sets of Gauss integration points. A system of algebraic equations is assembled such that
where n is the number of elements. The linear system and the derivatives (e.g. strains and stresses) are recovered using standard procedures (Cook et al., 2002) . Two kinds of FEM formulations are used for graded elements: direct Gaussian integration formulation and generalized isoparametric formulation (GIF). These approaches differ on the location that the material properties are sampled in the element: Gauss sampling points for the direct Gaussian formulation ( Fig.  5(a) ) and nodal sampling points for the GIF (Fig. 5(b) ). In this work, we selectively use both formulations. 
Direct Gaussian Integration Formulation
The integral of Eq. (23) is evaluated by Gaussian quadrature, and the matrix D e (x) can be directly specified by employing the Young's modulus and the Poisson's ratio at each Gaussian integration point (see Fig. 5 (a)). Thus, for 2D problems, the resulting integral becomes 
where i and j indicates the corresponding Gauss sampling points in the element, = ( , ), t denotes thickness, J is the determinant of the Jacobian matrix, i.e. J = det(J), and W i is the weight of each Gauss point.
Generalized Isoparametric Formulation (GIF)
The displacements (u,v) = (u x , u y ) are interpolated for 2-D problems as
where the summation is done over the element nodal points. Similarly, the spatial coordinates (x,y) are interpolated as
Material properties can also be interpolated from the element nodal values by means of shape functions, as illustrated by Fig. 5(b) . For instance, the Young's modulus E = E(x) and Poisson's ratio = (x) are given by ˆ ,
respectively, where i N and ˆi N are appropriate shape functions, which may be distinct from each other. The generalized isoparametric formulation (GIF) concept leads to
In this approach, material properties at Gaussian integration points are interpolated from the nodal material properties of the element using isoparametric shape functions, which are the same shape functions as spatial coordinates and displacements.
Numerical Examples
In order to assess convergence and convergence rates of graded finite elements by means of the weak patch test, a set of problems in plane and axisymmetric states are investigated under mesh refinement using both an in-house MATLAB code and the commercial software ABAQUS.
Plane Problems
A few problems in plane stress state are considered where Young's modulus is a function of x, i.e. E = E(x), while the Poisson's ratio is constant. The modulus is assumed to vary exponentially, i.e. where E 1 = E(0) and 1/ is the length scale of the nonhomogeneity characterized by Eq.(2). The applied loading involves fixed-grip, tension, and bending cases. The GIF is used for this study. The following data were used for the finite element analysis: Erdogan and Wu (1997) and in the Section for Exact Solutions (Kim and Paulino, 2002a) , respectively. The nodal displacements are calculated at nodes A, B, and C and stresses are computed at the 2 x 2 and 3 x 3 Gaussian integration points as specified in Fig. 6 . Table 1 shows that the graded Q4, Q8 and Q9 elements provide slightly inaccurate displacements and stresses with the given level of mesh refinement. One can conclude from the above patch test that the performance of graded elements depends on the degree of mesh refinement corresponding to material gradation and loading conditions. Thus, the patch test needs to be performed for the graded elements by subdividing the mesh. This example justifies the need for the "weak" rather than the "standard" patch test for the graded elements. Table 1 . The patch test with a constant-strain condition using five graded elements (Q4, Q8 and Q9) subjected to fixed-grip loading (see Figure 6 ). The displacements are u = ux and = uy. Generalized isoparametric formulation (GIF) is used for sampling material properties. Exact solutions for the displacements for the Q4 element are different from those for the Q8 and Q9 elements due to different displacement boundary conditions. The numeric precision is O(10 -4 ). Figure 7 shows a non-homogeneous "beam" with exponentially graded modulus subjected to applied load at the right end. The mesh discretization consists of 4 x 2, 8 x 4, and 16 x 8 patches of 4-noded isoparametric quadrilateral elements undistorted or distorted according to the geometrical distortion parameter "d ". The applied loading corresponds to yy (x,10) The following data are used for the finite element analysis: quadrature Gauss 2 x 2 stress, plane
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Table 2 compares the FEM results for 4 x 2, 8 x 4, and 16 x 8 undistorted (d = 0) meshes of the graded Q4 element with the exact solutions. The nodal displacements are calculated at nodes A, B, and C, and stresses are computed at the 2 x 2 Gaussian integration points as specified in Figure 7 . Notice that, for all loading cases, mesh refinement is needed for acquiring a desired accuracy and it increases the accuracy of FEM results. The accuracy of each individual mesh is better for fixed-grip loading than tension and bending loading cases due to the difference in the nature of boundary conditions. The distorted mesh ( Figure 8 shows a nonhomogeneous "beam" with exponentially graded modulus subjected to applied load at the right end. The mesh discretization consists of 2 x 1, 4 x 2, and 8 x 4 patches of 8-node (Q8) Serendipity (not shown) or 9-node (Q9) Lagrangian (shown) quadrilateral elements. The mesh is distorted according to the geometrical distortion parameter "d".
The applied loading corresponds to yy (x,10) The following data were used for the finite element analysis: s quadrature Gauss 3 x 3 and 2 x 2 stress, plane
Tables 3, 4, and 5 compare the FEM results for the 2 x 1, 4 x 2, and 8 x 4 meshes, respectively. The exact solutions include stresses obtained by Erdogan and Wu (1997) , and displacements derived by the authors. The nodal displacements are calculated at node A and stresses are computed at the 2 x 2 and 3 x 3 Gaussian integration points as specified in Figure 8 . For fixed grip loading case, in general 3 x 3 Gauss quadrature for Q8 and Q9 elements gives better results than 2 x 2 quadrature for Q8 element, and the accuracy increases with mesh refinement. For tension and bending loading cases, 2 x 2 and 3 x 3 Gauss quadratures for Q8 and 3 x 3 Gauss quadrature for Q9 elements give worse results than for those fixed grip loading; however, the accuracy is improved with mesh refinement. Tables 3 to 5 show that both Q8 and Q9 graded elements behave relatively well with distorted meshes. In general, the effect of the distortion as measured by the parameter d, is reduced with mesh refinement. For the tension case, we observe that a mesh with 16 x 8 elements, although not presented here, leads to the exact results for Q8 elements with both 2 x 2 and 3 x 3 integration rules within O(10 -4 ) accuracy. For Q9 elements, the results for the tension case converge for the 8 x 4 mesh (cf. Table 5) . Table 3 . A weak patch test with 2 x 1 graded Q8 and Q9 elements (see Figure 8) . The displacements are u = ux and = uy. Generalized isoparametric formulation (GIF) is used for sampling material properties. The numeric precision is O(10 -4 ). Figure 9 compares the ratio of numerical ( y u ) and analytical ( (exact) ) displacements versus Poisson's ratio ( v ) for the bending loading case (see Fig. 2(d) ). Both regular (d = 0) and distorted (d = 1) meshes discretized with Q4, Q8 and Q9 elements are considered using a patch of 4 x 2 elements. The nodal displacements are evaluated at location B in Fig. 7 , or location A in Fig. 8 . Figure 9 shows that both Q8 and Q9 elements converge to the exact solutions independent of the Poisson's ratio, rule of Gauss quadrature, and distortion, while the regular and distorted Q4 elements give significantly inaccurate results. The behavior of Q4 elements can be improved with an incompatible element such as the Q6 and the reader is referred to references Taylor et al., 1976; Cook et al., 2002) . ABCM 
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Axisymmetric Problems
Consider the axisymmetric problem of a hollow circular cylinder or disk with the inner radius (a = 1) and the outer radius (b = 2) subjected to uniform pressure on the inner surface. Patches of 4 x 4 and 8 x 8 isoparametric elements are considered here. Young's modulus is an exponential function of r as given by Eq. (16), in which n is the nonhomogeneity parameter. The Poisson's ratio is assumed constant. The direct Gaussian formulation is used for these axisymmetric problems. The following data are used for the FEM analyses: ) compare the FEM results with the exact solutions provided by Horgan and Chan (1999) . The nodal displacements are calculated at nodes A, B, and C, and stresses are computed at the 2 x 2 or 3 x 3 Gaussian integration points as specified in Figs. 10 and 11. (Table 7 and Fig. 10(b) ), the 2 x 2 Gauss quadrature for the Q8 gives exact results for all stresses regardless of distortion. Also, the 3 x 3 Gauss quadrature of the Q8 and Q9 elements produces exact results for hoop stresses regardless of distortion, but leads to slightly incorrect results for the radial stress rr (see Table 7 and Figs. 10(b) and 11(b)). For 0.3 v and 8 x 8 mesh (Table 8 and Figs. 10(b) and 11(b)), the 2 x 2 Gauss quadrature of the Q8 gives exact results for all stresses only for the d = 0 case. The 3 x 3 Gauss quadrature of the Q8 and Q9 elements produces slightly incorrect results for all stresses. The behavior of the 2 x 2 and 3 x 3 Gauss quadratures on the radial stresses is consistent with the previous observation about the stress for the tension loading applied parallel to the material gradation (Kim and Paulino, 2002a) .
Convergence Rates
This example investigates convergence rates of Q4 and Q8 elements considering an FGM strip under far-field tension loads. Figure 12 (a) shows geometry and boundary conditions for a strip with infinite length under far-field tension, and Figure 12 (b) shows a plate with finite length under tractions equivalent to the far-field tension (see Eqs. (7) and (10)). The applied load is prescribed on the upper edge with normal stress: yy (x) given by Eq. (7) with appropriate constants A and B.
The displacement boundary condition is specified such that u y = 0 along the lower edge, and u x = 0 for the node at the left-bottom corner. Young's modulus is an exponential function of x as given by Eq.(30). The Poisson's ratio is assumed constant. We use mesh subdivision for assessing convergence rates of Q4 and Q8 elements with the following element discretization along the width (W) and length (L), i.e. 10 x 10, 20 x 20, and 40 x 40 elements. The GIF is used for this study. Figure 13 shows the error in the energy norm ||e|| calculated by considering the whole plate for E 2 /E 1 = 3,5,7 and 10, and also gives useful information on the convergence rate. The notation h denotes the size of the square element used. The 8-node (Q8) quadrilateral elements with 3 x 3 and 2 x 2 Gauss quadrature provide higher accuracy and convergence rates than those for 4-node (Q4) quadrilateral elements. 
Stability Considerations
Two kinds of investigations are made regarding the stability analysis. First, basic deformation modes (tension, bending, and shear) are studied, and then, an eigenanalysis is performed at the element level (eigenvalue test). The latter test can detect zeroenergy deformation modes, lack of invariance (with respect to geometrical orientation), and absence of rigid body motion capability; and can also provide an estimation of the relative quality of competing elements. In these investigations, the graded element is compared with the homogeneous element. The direct Gaussian formulation is used for this study.
Single Element Test -Basic Deformation Modes
The strain energy stored in the Q4 and Q8 elements is compared for homogeneous and graded elements considering tension, pure shear, and pure bending deformation modes. For the sake of reference, Figure 14 shows imposed displacements for different deformation modes for homogeneous materials ( = 0), while Figs. 15 and 16 illustrate the deformations for = 1.0, 0.5, 1.0. In order to represent tension, shear, and pure bending deformation in FGMs ( 0), the exact solutions to displacements are proportionally factored to give = 0.1 as the single displacement at the node indicated in Figures 14 to 16 . Note that deformation-equivalent loads are different for homogeneous and FGM cases. Figure 14 represents well-known and expected results for homogeneous materials ( = 0). In Figs. 14 and 16, notice that the material gradation has a significant influence on the deformation mode. Figure 15 shows that for the tension case, if = 0.1 is imposed at the left-top corner node, then the deformed shape scales with (cf. the first two cells of the first row) and is significantly changed if changes sign, i.e. reversal of gradation (cf. compare the first two cells with the third cell). If = 0.1 is imposed at the righttop corner, the deformed shapes are consistent with those just described above, i.e. the first and second rows of cells of Figure 15 . Notice that if > 0 the reference displacement ( ) is in the weak material side, while if < 0 it is on the strong material side. A comparison between the first cell of the first row of Figure 14 (a) ( = 0) and those cells of Figure 15 ( 0) indicate that the deformed shapes in FGMs can be counter-intuitive as bending-type deformation develops for purely applied tension load. Figure 15 , there is no bending deformation in the cells of Figure 16(a) , independent of the value. This difference is due to the orientation of material gradation in each case. Figure 16(b) shows deformed shapes for the pure bending loading considering E=E(x) and =1.0, 0.5, and -1.0. The reference deformation is = 0.1 at the bottom-right corner. It is interesting to observe the shift in the middle point of the bottom-edge (cf. solid and hollow bullets) as a function of the material gradation parameter . The hollow dot represents a point in the homogeneous material, which does not move upon bending deformation (cf. Fig. 14(d) ) and thus indicates the neutral axis location for this configuration. The solid dot represents the FGM case and, differently from the homogeneous case, the point shifts as a function of the material gradation. For example, according to Fig. 16 Table 9 summarizes the strain-energy values induced by the above exactly imposed displacements. Imposed displacements for Q4 and Q8 elements are different from the exact imposed displacements because of approximating function characteristics of elements. In other words, nodal displacements for both elements are imposed exactly, but displacements among nodes inside an element are interpolated using shape functions. All the results are normalized with respect to the strain energy for the homogeneous material ( = 0). This table shows that the order of integration can have a significant impact in the FEM results (cf. 1 x 1 versus 2 x 2 for Q4 and 2 x 2 versus 3 x 3 for Q8). Thus reduced integration for graded elements should be used with great care. Neglecting the reduced integration for the Q4, we observe that, for the bending case, the strain energy for the FGM ( 0) is always lower than or equal to that for the homogeneous material ( = 0). The results are functions of the material gradation parameter . 
Spectral Analysis -Eigenvalue Test
The eigenvalue test is performed for the single element stability check. The test can detect zero energy deformation modes (both rigid body and spurious modes). The element is not constrained so that the element stiffness matrix e is the complete matrix. Thus three independent rigid-body motions exist in the plane, and three of the eigenvalues should be zero for a plane element. In addition, zero-energy or spurious singular modes also yield zero eigenvalues.
The element is square, and its length and width are 1.0 with the origin (x = y = 0) at the left-bottom-corner node. In the element, Young's modulus is given by Eq.(30) with E 1 =1.0 (normalized), and = 0.0 (homogeneous) and 1.0 (nonhomogeneous material). The Poisson's ratio is assumed to be constant, i.e. = 0.3.
Figures 17 to 22 illustrate the results of the spectral analysis for the Q4, Q8, and Q9 considering =0 (homogeneous material) and =1.0 (FGM). A comparison between the results for homogeneous materials and FGMs leads to the following observations:
As expected, the number of rigid-body modes (three) is the same for both homogeneous and graded elements The number of spurious deformation (zero energy) modes is also the same for both homogeneous and graded elements, i.e. two spurious modes for Q4 with order of quadrature 1, one for Q8 with 2 x 2 Gauss integration, and three for Q9 with 2 x 2 Gauss integration Symmetry, as expressed by the deformation modes (eigenvectors), is broken for graded elements, i.e. there are no repeated eigenmodes or repeated eigenvalues as in the homogeneous element. The total energy (U i = i /2, i=1,...,NDOFs) increases for the FGM with > 0 in comparison with that for the homogeneous material. Here NDOFs indicates the number of degrees of freedom in the element.
Conclusions
Once an element passes the patch test with a consistency and a stability check, convergence is assured as the size of elements tend to zero. The original patch test considers constant strain or stress state for conventional homogeneous finite elements. However, for nonhomogeneous materials, consistency and stability of graded finite elements are verified in the context of the weak patch test. In the preceding sections, convergence and convergence rates of the Q4, Q8, and Q9 graded elements (for both plane and axisymmetric problems) to the exact solutions have been studied under subdivision of finite elements.
This study indicates that, in general, 3 x 3 Gauss Quadrature for Q8 and Q9 elements shows better performance than 2 x 2 Gauss Quadrature for Q8, and that Q4 elements need to be used with care due to low convergence rates. Moreover, the stability investigation reveals that one should be very careful when using homogeneous elements with piecewise constant material properties to model nonhomogeneous materials. This paper has shown that the deformation modes (and associated strain energy) for graded elements (Figure 1(c) ) are quite different from those for homogeneous elements (Figure 1(d) ). Thus poor numerical results may be obtained when homogeneous elements are used instead of graded elements, especially when relatively coarse meshes are used to model FGMs.
